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TWO THEOREMS ON AN NUITIES 
]OR N  F. RE:ILLY 
Theorem 1 .  One  unit payable annually, the firs{ payment h 
years ago, and the last paymen t k 3•ears hen ce  ( h  + k integra l ) , 
has a present value  gii•cn by 
( 1 + i) h + 1 - ( 1  + i) -k 
where i is the effcctii•e interest ra te . 
The present value o f  the several payments is  
( 1 + i) h + ( 1 + i) !t-1 + ( 1 + i ) --h-2 + . . . . + ( 1 +i) -k 
= ( l + ·i) -k [ ( l + i) h+k + ( l + i) h + k-1 + . . . .  + 1 1 
. [ ( l + i) h + k+ • - 1 ] ( l + i) h + L- ( l + i) -k = ( l + i ) -k ( l + i ) - 1 = i 
I f  - t 3•ears ago be regarded as equivalent . to t years hence for 
positive and negative values o f  t, this theorem holds for negative 
as well as positive values of h and k ;  and it also holds for frac­
tional as well as integral values of h and k, provided h + k is 
integral . It should be noted that h + k i s  necessarily positive or 
zero ,  since the last payment does not antedate the first payment . 
The fol lowing are important special cases under this theorem : 
( a )  when h = n - 1, and k = 0, it becomes 
( 1  + i) n - 1 ,  sn =  
the amount o f  an annuity ; 
(b ) when h · - 1, and k = 11, it becomes 
1 - ( 1 + i) -n , 
an = 
the present value o f  an annuity ; 
( c )  when h = 11,  and k = - 1, it becomes 
O + i) n - 1  
S0 = ( l + i) sn = ( l + i) i 
' 
the amount o f  an annuity-due ; 
( d )  when h = O, and l� = n - 1 , it becomes 
an = ( 1 + i) a0 = ( 1 + i)  l - (1 :f- i) -n , I 
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the present value an annuity-due ; 
( e )  when h = - ( r + 1 ) ,  and k = r + n, it beconi.es 
r lan = ( 1 + i )-r an = (1 + i )-r l - ( 1 :+ i )-
n , 
I 
the present value o f  a deferred annuity. 
In each o f the special cases h + k = n - 1, and n annual pay­
ments are made. The values o f  h and k are so chosen that the 
present comes at the desired point - for the amount of an annuity 
at the time of the last payment ; for the present value of an 
annuity one year before the first payment ; for the amount o f  an 
annuity-due one year a fter the last payment ; for the present value 
of an annuity-due at the time of the first payment ; and for the 
present value of a deferred annuity r + 1 years before the first 
payment . 
It i s  evident that the theorem may readily be modified to make 
the annuity payable p times a year, in which case it is sufficient 
that p ( h  + k )  be integral. It is also possible in any case to use 
a nominal interest rate j convertible m times a year. 
It is believed by the writer that there is a pedagogical advantage 
in approaching the subj ect of annuities-certain in this way, as 
there i s  but one formula to develop, and consequently the con­
fusion which frequently arises in the mind of the student due to 
the similarity of the developments of the formulas for the amount 
and for the present value is avoided . 
Theorem IL ( a )  The formula for constructing a table of the 
values of Sn by the continuous process, 
Sn+ i  = ( 1  + i) Sn + 1 ,  
is  a difference equation, a solution of which is the  form ula for 
the amount of an annuity . 
This difference equation is linear, o f  the first order, and with 
constant coefficients, 
U 0 + 1  - ( 1  + i) Un = 1 
I ts solution is 
where C is an arbitrary constant.1 
Taking Un = o when n ::-.:: o, it follows that 
c = .l i '  
1 Boole, A Treatise on the Calculus of Finite D i fferences,  2nd ed. ( 1 8 7 2 ) ,  p .  ' 1 6 5 .  
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and hence 
( b )  Similarly the formu la for constructing a table of the values 
of an by the continuous process, 
an-l = ( 1 + i) a0 - 1 
will lead to the formula for the present � 'alue of an annuity. 
This difference equation i s  o f  the same type as before, 
U - -1- U n 1 + j n-1 1 + i ,  
the solution o f  which is 
Uu-l = � + C (1  + i) -n +1.  i 
Taking U n - 1  = o when n = 1, it follows that 
and hence 
C = - �  
I 
U = 1 -· ( 1  + i )-n+1 ' n-1 · I 
or, writing n for n - 1, 
U = 1 - ( 1  + i) -n. n • i 
STATE UNIVERSITY oF IowA. 
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